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Abstract. In this paper we investigate the derivations of filiform Leibniz algebras. Recall that the 
£Nj ' set of filiform Leibniz algebras of fixed dimension is decomposed into three non-intersected families. 

We found sufficient conditions under which filiform Leibniz algebras of the first family are character- 
istically nilpotent. Moreover, for the first family we classify non-characteristically nilpotent algebras 
f\J i by means of Catalan numbers. In addition, for the rest two families of filiform Leibniz algebras we 

describe non-characteristically nilpotent algebras, i.e., those filiform Leibniz algebras which lie in the 
complementary set to those characteristically nilpotent. 
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1. Introduction 



In 1955, Jacobson [12] proved that every Lie algebra over a field of characteristic zero admitting 
("V^ a non-singular derivation is nilpotent. The problem whether the inverse of this statement is correct 

remained open until that an example of an 8-dimensional nilpotent Lie algebra whose all derivations 
are nilpotent was constructed in [6] . They called such type of algebras characteristically nilpotent Lie 
algebras. 

If all derivations of an algebra are nilpotent (inner derivations are nilpotent, as well), then by Engel's 
theorem we conclude that a characteristically nilpotent Lie algebra is nilpotent. Inverse statement is 
not true, because there exist nilpotent Lie algebras admitting non-nilpotent derivations. Therefore, 
the subset of characteristically nilpotent Lie algebras is strictly embedded into the set of nilpotent Lie 
algebras. 

Papers [5) [13j [16] and others are devoted to the investigation of characteristically nilpotent Lie 
' algebras. The classification of nilpotent Lie algebras till dimension 8 shows that there is no charac- 

teristically nilpotent Lie algebras in dimensions less than 7. Moreover, it is shown that there exist 
characteristically nilpotent Lie algebras in each dimension from 7 till 13-dimensional. Taking into 
. account that a direct sum of characteristically nilpotent Lie algebras is characteristically nilpotent, 

then we have the existence of characteristically nilpotent Lie algebras in each finite dimension starting 
from 7. 

It was conjectured for a long time that there are "a few" algebras of this kind, and only in [T3] , 
it was proved that every irreducible component of the variety of complex filiform Lie algebras of 
dimension greater than 7 contains a Zariski open set, consisting of characteristically nilpotent Lie 
algebras. This implies that there are "many" characteristically nilpotent Lie algebras, and hence they 
play an important role in the description of the variety of nilpotent Lie algebras. 

The notion of Leibniz algebra has been introduced in |17] as a non-antisymmetric generalization of 
Lie algebras. During the last 20 years the theory of Leibniz algebras has been actively studied and 
many results of the theory of Lie algebras have been extended to Leibniz algebras (see, e.g. [U E] [8]). 
In particular, an analogue of Jacobson's theorem was proved for Leibniz algebras [15) . Moreover, 
it is shown that similarly to the case of Lie algebras for Leibniz algebras the inverse of Jacobson's 
statement does not hold. In [20], analogously as for Lie algebras, the notion of characteristically 
nilpotent Leibniz algebra was defined and some families of characteristically nilpotent filiform Leibniz 
algebras were found. Moreover, there was presented a criterion of characteristically nilpotency of some 
filiform Leibniz algebras. Due to existence of a example of a characteristically nilpotent Leibniz algebra 
which does not satisfy the condition of [3D], the criterion is not correct. 

It is known that the class of all filiform Leibniz algebras is split into three non-intersected families 
2, 8 , where one of the family contains filiform Lie algebras and the other two families come out from 
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naturally graded non-Lie filiform Leibniz algebras. A isomorphism criteria for these two families of 
filiform Leibniz algebras have been given in [5]. 

In this paper, as opposed to [20], we find out a correct criterion of characteristically nilpotency of 
filiform Leibniz algebras. In addition, it is described, up to isomorphism, the class of filiform Leibniz 
algebras complementary to characteristically nilpotent filiform Leibniz algebras. Note that filiform 
Leibniz algebras were classified only up to dimension less than 10 in (TJ HH E21 [23] . Here we classify 
non-characteristically nilpotent non-Lie filiform Leibniz algebras for any fixed dimension. Recall that 
non-characteristically nilpotent filiform Lie algebras are described in [10] . 

The classification of non-characteristically nilpotent Leibniz algebras plays an important role in 
structure theory of solvable Leibniz algebras. In theory of finite dimensional Leibniz algebras it is known 
the description of solvable Leibniz algebras with a given nilradical based on properties of non-nilpotent 
derivations of the nilradical. Hence, solvable Leibniz algebras can have only non-characteristically 
nilpotent nilradical. Therefore, it is very crucial to indicate non-characteristically nilpotent Leibniz 
algebras. Papers [18l [24j [25] are devoted to classifications of solvable Lie algebras with various types 
of nilradical. The solvable Leibniz algebras with null-filiform and naturally graded filiform nil-radical 
are classified in [3] H] . 

Catalan numbers are a well-known sequence of numbers and they are involved in a lot of branches 
of mathematics (combinatorics, graph theory, probability theory and many others). In the present 
paper we classify some kinds of non-characteristically nilpotent filiform Leibniz algebras in terms of 
p-th Catalan numbers. 

In order to achieve our goal, we have organized the paper as follows: in Section[2]we present necessary 
definitions and results that will be used in the rest of the paper. In Section [3] we describe character- 
istically nilpotent filiform non-Lie Leibniz algebras and give the classification of non-characteristically 
nilpotent filiform non-Lie Leibniz algebras. 

Through the paper all the spaces and algebras are assumed finite dimensional. 



2. Preliminaries 
In this section we give necessary definitions and preliminary results. 

Definition 2.1. An algebra (L, [— , — ]) over a field F is called a Leibniz algebra if for any X,y,z G L, 
the so-called Leibniz identity 



[[x,y],z] = [[x,z],y] + [x, [y,z]] 



holds 



For a Leibniz algebra L consider the following central lower series: 

L l = L, L k+1 = [L k ,L 1 ] k>l. 

Definition 2.2. A Leibniz algebra L is called nilpotent if there exists s £ N such that L s = 0. 

Definition 2.3. A Leibniz algebra L is said to be filiform if dim L l — n — i, where n = dimL and 
2<i<n. 

The following theorem decomposes all (n+l)-dimensional filiform Leibniz algebras into three families 
of algebras. 

Theorem 2.4 ([21]). Any complex (n + 1) -dimensional filiform Leibniz algebra admits a basis 
{eo, ei, . . . , e n } such that the table of multiplication of the algebra has one of the following forms: 



Ki<n-1, 



Fi(a 3 , a 4 , . . . , a n , 9) : < 



[eo,e ] = e 2 , 
[e,,e ] = ej+i, 

n-l 

[eo, ei] = a k£k + 0e n , 

fc=3 
n 

[e l ,e 1 ]= J2 a k +i-ie k , l<i<n—2, 

k=i+2 
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F 2 ((3 3 ,(3 4 ,...,(3 n ,-f) : < 



[ e 0j e o] 


— e 2, 


[e») eo] 


= ef+i, 


« [eo,ei] 


n 

= E /3fce fe , 

fc=3 




[ei,ei] 


= je n , 


[e»,ei] 


n 

= E fa+ 

k=i+2 



2 < i < n - 1, 



[ei,e ] 


= e i+l) 




1 < i 


< 


n — 


1, 


[eo, e<] 


= — 




2 < i 


< 


n — 


1, 


[e ,e ; 


= ^ie rl , 












[eo,ei 


= -e 2 + 6 


2e„, 










[ei,ei" 


= 6 3 e n , 














[£j 1 e^ 


S lin < ej_|_j_|_i, ei + j + 2, . 


. ,e„ >, 1 < i 


< 


n — 


2- 








2< j 


< 


n — 


i, 


k [ej, e^- 


-i] = -[e„- 


-i) ^i] et( 1) 6 n , 


1 < i 


< 


n — 


1, 



where a £ {0, 1} /or odd n and a = /or even n. Moreover, the structure constants of an algebra from 
F3(6i, 62,03) should satisfy the Leibniz identity. 

It is easy to see that algebras of the first and the second families are non-Lie algebras. Note that 
if {61,62, O3) — (0, 0, 0), then an algebra of the third class is a Lie algebra and if (61,62, 63) ^ (0, 0, 0), 
then it is a non-Lie Leibniz algebra. 

Further we will use the following lemma. 

Lemma 2.5 ([5])- For any < p < n — k, 3 < k < n, the following equality holds: 

n n n j—p 

i—k j—i+p j—k-\-p i—k 

Let us present a isomorphism criterion for the first and second families of non-Lie filiform Leibniz 
algebras. 

Theorem 2.6 (|8]). 

(a) Two algebras from the families Fi(a 3 , a 4 , . . . , a n , 6) and F^a'^, a 4 , . . . , a' n , 6') are isomorphic if 
and only if there exist A, B € C such that A(A + B) 7^ and the following conditions hold: 



1 (A + B) 



a 3 



&t = 



A 2 



-OL3, 



+ 



A< 

k - 1 
k - 4 



h { ca+ B )a , - 1 ( ( ; : j) A^ Ba ,^ k+ + (1 : >) ^ ± 



k-3 



Oit+3-i 1 Oii 1 +l-k 



i 1 = k+2 



a t +3-i 2 ' OSi 2 +3-ii ' a ii-k + • 



22 — fc+3 zi— 

t ik-3 



\ / i fc _ 3 =2fc-2 i fc _ 4 =2fc-2 i 1= 2fc — 2 

i *fc-2 i 2 \ \ 

i fc-2=2fc-l ife-3=2/s — 1 8 1 =2fe— 1 / / 
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A 



M^ + Ban-W ( k t] A k ' 2 Ba n+2 ^ + y _ M A k ~' s B 2 *H-»-*i«u- 

\ fc=3 \ \ / V / i 1= fc+2 



71 12 



+ (fc-4M fc E E a n + 3- 12 «I2+3-llQ!n-fe + 

12—^+3 i±=k-\-3 



'fc-3 



+ ( k 1 J AB L 2 ^2 E "' E Q «+3-* fc -3 Q iA : -3+3-ifc-4 ■ • - a »2+3-n a n+5-2fc 

i k _ 3 =2k-2 i k _ 4 =2k-2 j 1= 2fc-2 



n l fc-2 



+ B k 1 E E "' E a ™+3-*fc-2 • a *fc-2+3-ifc_ 3 a»j+3-»i • Oii+4-2fc J • a'fe J , 

i fc _ 2 =2fc-l i fc _ 3 =2fe-l n=2fe-l y y 

where A <t < n. 

(b) Two algebras from the families i 7 ^^, Ai, • ■ • , 7) and F 2 (f3' 3 , . . . , /3^, 7') are isomorphic if 
and only if there exist A, B, D £ C such that AD 7^ and the following conditions hold: 

1 A^' 
& = 

V fc=3 V \ / V / ii = fc+2 



t J 2 



+ (LlM fc " 4S3 £ E A + 3- i2 -A2 + 3-H-/3n- fc + 
22 — ii =fc+3 



+ 



/. i v 



J AS* 2 ^ ^ "' E A+3- lt _3ft t _3+3-i fc _4 ■ . .ft 2 +3- 11 ft 1 +5-2t 



i^._3=2fc — 2 ifc_4— 2fc — 2 i\—2h — 2 

*fc-2 



+ B k 1 ^ ^ E ^*+3-**-2^»fc-2+3-i*-3 •••ft 2 +3-ilftl+4-2fe J ^fc J , 

i fc _2=2fc — 1 i fc _ 3 =2fc — 1 i 1 =2fe— 1 / / 

where 4 < t < n — 1, 

\ *:=3 y v / v / n=fc+2 

+ [k~ 1 i) Ak " lB3 £ £ ^+3-* 2 -A 2 +3-n •ft 1 -fc+ ■■■ 

i 2 — fc+3 ii =fc+3 

, \ « 
fc — 1 



+ ( 1 j AB k 2 ^ ^ "' E Pn+3-i h _ 3 Pi k _ 3 +3-i h _i ■ ■ ■ Pi 2 +3-i x Pix+6-2h 

\ / i fc _ 3 =2fc-2 i)._4=2fc-2 i 1= 2fc — 2 

+ B 1 E E "' E ^"+3-ifc-2 Afc-2+3-ifc-3 ••■ ft 2 +3-nfti+4-2fc 1 /3fc I , 

i fc _ 2 =2fc-l i fc _ 3 =2fc-l i 1 =2fc — 1 / / 

where (™) are i/ie binomial coefficients. 

The derivation of Leibniz algebras is defined as usual. 

Definition 2.7. j4 linear transformation d of a Leibniz algebra L is called a derivation if for any 
x,y £ L 

d (i x , V\) = [d{x),y] + [x, d{y)]. 

A nilpotent Leibniz algebra is called characteristically nilpotent if all its derivations are nilpotcnt. 
As it was mentioned in Section [TJ the class of characteristically nilpotent Leibniz algebras is a subclass 
of the nilpotent Leibniz algebras. 

In [20) the following isomorphism criterion is obtained. 

Theorem 2.8 f[20)L A Leibniz algebra of the family F\ (013, 04, . . . , a n , 0) is characteristically nilpotent 
if there exist i,j (3 < i =/= j < n) such that otiCtj 7^ 0. 
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Further we shall need the notion of Catalan numbers. The Catalan numbers are defined as follows: 

_J_ (2n\ (2n)! 
" n + 1 \n J (n + l)\nV 

The generalized Catalan numbers or p-th Catalan numbers were defined in by the formula 

nv- 1 [P n \ 

" (p - l)n + 1 V n J ' 

Obviously, 2-th Catalan numbers are usual Catalan numbers. 

H. W. Gould developed a generalization of the n-th Catalan numbers, also called Rothe numbers 
or Rothe/Hagen coefficients of the first type (see [5]), as follows: 

x ( x + zn^ 



A n (x, z) - 

x + zn \ n 

together with their convolution formula 



A n (x, z)A n -k(y, z) = A n (x + y, z). (2.1) 



Note that A n (l,p) is the p-th Catalan number C*. 

From the convolution formula (|2.1[) . it is not difficult to obtain the following formula: 

E C l C n-k = ' ^ 

k—1 

3. The main results 

Since filiform characteristically nilpotent Lie algebras are already in detail studied in [T3J E] , we 
shall consider only non-Lie Leibniz algebras. 

In this section we describe characteristically nilpotent filiform non-Lie Leibniz algebras and give the 
classification of non-characteristically nilpotent filiform non-Lie Leibniz algebras. 

3.1. Characteristically nilpotent filiform Leibniz algebras of the family Fi(ct3, «4, . . . , a n , 9). 

Let L be a filiform Leibniz algebra from the family Fi(a^, 014, . . . , a n , &). The following proposition 
describes the derivations of such algebras. 

Proposition 3.1. The derivations of the filiform Leibniz algebras from the family F\(a,z,Q,4,, . . . , a n , 6) 
have the following form: 



fao 


a 1 


a 2 


a 3 






0>n-l 


a n \ 





a + a% 


0,2 


a 3 






K-i 


b n 








2a + a\ 


a 2 + ai«3 ■ 




O-n- 


-2 + aia n _i 


On-l + a l a n 











3a + a\ 


a„_4 + 2a\a n -2 


a n - 


3 + 2aia„_i 


a„_2 + 2aia„_i 














(n — 2)a + ai 


a 2 4 


- (n — 3)aia3 


03 + ( n — 3)aitt4 

















(n 


- l)a + ai 


a 2 + (n — 2)aia 3 


\o 



















na + ai / 



where 



a o (d-a n ) = 0, ai(a n - 6) = a n -x - b n -x, a 3 (ax - a ) = 0, 



Qjjfe(ffli - (fc - 2)ao) = ^ai 4 < fc < n. (3.1) 

Proof. Let L be a filiform Leibniz algebra from the family _Fi(a 3 , 04, . . . , a n , 9) and let d : L — > L be 
a derivation of L. 
Put 



d( e o) = X^afee/c, rf(ei) = &fcefc- 

fe=0 fc=0 
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By the property of the derivation, we have 



d(e 2 ) = d([eo,eo]) = [d(e ),e ] + [e ,d(e )] = [^a k e k ,eo\ + [e ,^a fe efc] 

k=0 k=0 
n n—1 

= (a + ai)e 2 + ^ a k - X e k + a e 2 + a i ( X! akek + ^ e «) 

k=3 k=3 
n-1 

= (2a + ai)e 2 + ^(a fc _i + aia fe )e fe + (a„_i + ai0)e„. 

k=3 



By induction we derive 



rf(ej) = (ia + ai)ej + ^ ( a k-i+i + {i - l)aia k _ i+2 )e k , 3<i <n. 

k=i+l 



Indeed, if the induction hypothesis is true for i, then for i + 1 it implies, from the following chain of 
equalities: 



d(e i+1 ) = d([ei,e ]) = [d(ej),e ] + [e l7 rf(e )] 

n n 

= [(ia + a 1 )e l + ^2 ( a k-i+i + {i - l)aiu k - i+2 )e k , e ] + [e it ^ a k e k ] 

k=i + l k=0 

n n 

— (ia + ai)e i+ i + ^ (a k -i + (i - l)aia k - i+ i)e k + a e l+1 + a x a k - l+1 e k 

k=i+2 k=i+2 
n 

= ((i + l)a + ai)e i+ i + ^ (a fe _j + ia\a k -i + i)e k . 

k=i+2 

Consider the property of derivation: 



d([ei,e }) = [d(ei),e ] + [ei,d(e )] = [^&fce fe ,e ] + [ei,^a fe e fe ] 

k=0 k=0 
n n n 

= (bo + h)e 2 + ^2 b k - X e k + a e 2 + on a k e k = (a + b + h)e 2 + ^(6 fe -i + aia k )e k . 



Aj — 3 k — 3 k — 3 



On the other hand 



d([ei, e ]) = d(e 2 ) = (2a + ai)e 2 + ^(a fe _i + aiu k )e k + (a„_i + a\6)e n . 



k=3 



Comparing the coemcients at the basic elements we have 

b + h = a + a 1 , b t = a it 2 < i < n - 2, ai(a„ - 0) = a„_i - 6 n . 
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Using Lemma 12.51 we obtain 

n n 

d([e ,ei]) = [d(e ),ei] + [e ,d(ex)] = [^a k e k ,ei] + [eo,^o fc e fc ] 

k=0 k=0 
n — 1 n — 2 n n—1 

= a °(X! akek + ^ 6n ) + X! ak X! a 3-k+l e 3 + b e 2 + h ( ^ QfcGfc + den] 
k=3 k=l j=k+2 k=3 

n—1 n n n 

= b e 2 + (o + oi)a 3 e 3 + X^ a ° + b i) a k e k + (a + bi)0e n + aia 3 e 3 + ai^ajej ■ ^Jr/ 4 2 ^d, / . : .< , 

fc=4 j'=4 fe=4 j'=fe 

n — 1 n h 

= b a e 2 + (ao + oi + oi)a 3 e 3 + ^(a + ai + bi)a k e k + ((ao + 6i)6< + aia n )e n + ^ (X) a ^'~ 2Qife ~J+ 3 ) efe 

fc=4 fc=4 j=4 

n — 1 

= &oe 2 + (ao + oi + foi)a 3 e 3 + ^ (( a o + Oi + &i)a fc + a J - 2 afc-j+ 3 ^ e fc 

fe=4 j'=4 
n 

+ ((ao + + ai"n + aj- 2 a„-j+ 3 ^e„. 
On the other hand 

n—1 n—1 

d([e , ei]) = d( a fc e fe + 0e„) = ^ a k d(e k ) + 8d(e n ) 

k=3 k=3 
n — 1 n 

= a fc(( fcfl o + a i)e fe + X! ( a i-fc+i + ( fc - 1 ) a i a j-fe+2)e J ) + (na + ai)6»e„ 

fc=3 J=fc+1 

n—1 n n 

= (3a + ai)a 3 e 3 + ^ a fc (A:ao + ai)e* + {na Q + ai)6e n + ^ (a k -i ^(aj-fe+2 + (fc - 2)aiaj_jfe +3 )e^ 

fc=4 fe=4 j'=fe 

n—1 , /c 

= (3a + ai)a 3 e 3 + ((fcao + ai)a fc + ^ a,_20!fc-i+3 + ~ai ", ,.::)<; 

fc=4 j'=4 j=4 

n n 

+ ((nao + ai)6 + flj-2a n -j+3 + a j-i a n-j+3)e n . 

3=4 3=4 

Comparing the coefficients at the basic elements we conclude 

b = => bi = a Q + oi, (a + ax + &i)a 3 = (3a + ai)a 3 , 

(a +ai+6i)Qifc+y^ aj- 2 Qifc-i+3 = (fca +ai)Qfc+y^ %-2Q!fc-j+3+^ai Qjj-iQ- fc -j+3 ; 4 < fe < n-1, 

i=4 j=4 j=A 

n n n 

(ao + + aia„ + a,-_ 2 c\!„_j + 3 = (na + a{)6 + }^aj-2a n -j+3 + -^ai etj-ian-j+3- 

3=4 3=4 3=4 

Replacing b\ = a® + a\ we get 

(ai - a )a 3 = 0, 



k k 



(a a - (k - 2)a )a k = -at 22 a 3-i a k-j+3, 4 < k < n- 1, 



(2 - n)a 6l + aia„ = -ai ^ aj_ia n - 3 -+3< (3.2) 
Similarly to the above argumentations we derive 

n k 

d([ei,ei]) = [d(ei),ei] + [ei,d(ei)] = 2(a + ai)a 3 e 3 + ^ (( 2 ao + 2ai)a fc + ^ aj- 2 afc-j +3 ) e fc . 

fe=4 j=4 



J=4 
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On the other hand 

n n 

d([ei, ei]) =d(y~] a k e k ) = ^ a k d(e k ) 



fc=3 



fc=3 



ai aj-iak-j+3) efe. 



i=4 



4 < fe < n. 



= (3a + a^c^e;. + ((/ca + ai)a* + a J - 2 a/c-j+3 -f 

Comparing the coefficients at the basic elements we obtain 

(a 1 - a )a 3 = 
k 

and the restriction (|3.1I) . i.e. (ai — (fc — 2)ao)afc = |ai ^ ay_iafe_.,-L.3, 
From (|3.1jl for k = n and the restriction (|3.2[) . we have ao(6* — a„) = 0. 

Considering the properties of the derivation for d([a, e2\), 3 < i < n — 2, we have the same 
restrictions. □ 

From Proposition 13. II it is obvious that if there exist the pair a Q ,ai such that (a ,ai) 7^ (0,0) and 
the restriction (|3.ip holds, then a filiform Leibniz algebra of the first family is non-characteristically 
nilpotcnt, otherwise is characteristically nilpotent. 

From [3] and [5D] it is known that the naturally graded filiform Leibniz algebra (the algebra with 
ai = 0, 3 < i < n, 9 = 0) is non-characteristically nilpotent. 

Theorem 3.2. Let 9 7^ a n and suppose that there exist a k 7^ 0, 3 < k < n. Then a filiform Leibniz 
algebra of the family Fi(a>3, a^, . . . , a n , 6) is characteristically nilpotent. 

Proof. Note that it is sufficient to prove oq = a\ = 0. 

Let 7^ a n , then the restriction (|3.1[) implies that a Q — and we get 

k 



a 3 ai — 0, aia k — -a\ ^ aj-iotk-j+z, 4 < ft < n. 
i=4 



If there exist ot k 7^ 0, then for the first non-zero a k 7^ 0, we have a k a\ = 0. Hence a\ = 0. 



□ 



From the above theorem we have that an algebra of the class -Fi(0, 0, . . . , 0, 6), 7^ 0, is non- 
characteristically nilpotent. 

Remark 3.3. Note that in notations of Theorem \2. 6\ putting A = \f~9, we conclude that an algebra 
-Fi(0, 0, . . . , 0, 9), 9 7^ 0, is isomorphic to the algebra F\(Q, 0, . . . , 0, 1). 



Below, we present an example which shows that Theorem 12. 81 is not true in general. 

Example 3.4. Let L be a 6-dimensional filiform Leibniz algebra and let {eo, e\, e%, e^, e±, e$} be a basis 
of L with the following multiplication: 



1 < i < 4, 



eo,e ] 


= e 2 , 






ei, eo] 


= e i+l, 






eo,ei] 


= e 3 - 


2e 4 - 


1- 5e 5 , 


ei,ei] 


= e 3 - 


2e 4 - 


H 5e 5 , 


e2,ei] 


= e 4 - 


2e 5 , 




ea.ei] 


= e 5 , 







(omitted products are equal to zero). 

Clearly, this algebra satisfies the condition of Theorem l2.8[ but it is non-characteristically nilpotent, 
because the derivations of the algebra have the form: 

\ 



/ ai 


f'i 


« 3 


0,4 


as 


a 6 





2oi 


« 3 


04 


a 5 










3ai 


ai + a 3 


— 2ai + a 4 


5ai + as 











4ai 


2a% + a 3 


— 4ai + «4 














5ai 


3ai + a 3 


V° 














6ai 
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Let us now consider the case a n = 0. 

Lemma 3.5. Let L be a non- characteristically nilpotent filiform Leibniz algebra from the family 
Fi(ct3, 0,4,, . . . , a„, a n ) and let a s ^ be the first non-zero parameter from {0:3, a.4, . . . , a n }. Then 



0, if k=ts ( mod (s - 2)); 

(-l)*C/+ 1 1 a*+ 1 , if k = s ( mod (s - 2)), 



where 3 < k < n, t = — f and Cf, = -, — A — r^r [ ) is the v-th Catalan number. 

— — ' s—2 n (p-l)n+l \ n I r 

Proof. Since a s ^ 0, from the equality (|3.ip . we obtain (ai — (s — 2)ao)a s = 0, and consequently, 
ai = (s — 2)a . Replacing ai — (s — 2)a we have 

k A 

(s - k)a a k = -(s - 2)a } y aj-ia k -j+3, k> s + 1. 

i=4 

Since the algebra is non-characteristically nilpotent, we have a$ ^ and 

k(s - 2) ^ 

" fc = 2(a- fc) ^ aj-iafc-i+3. (3-3) 

V I 3=4 

We will prove the statement of the lemma by induction on I = |_^Ef J > where [^J is the integer part 
of x. 

The base of induction I = is straightforward from the condition of the lemma. 

Let us suppose the induction hypothesis is true for t < I and we will prove it for I = [jE§ J • 

From equality (|3.3|) we have that if k ^ s ( mod (s — 2)), then one of the values of j — 1 and k — J ' + 3 
are not congruent by mod(s — 2) with s, simultaneously. Otherwise, if j — 1 = s ( mod (s — 2)) 
and fc — j' + 3 = s( mod (s — 2)) , then fc = s ( mod (s — 2)) , which is a contradiction. Thus, by 
induction hypothesis, we have aj-iak-j+3 = for any j (4 < j < fc), which implies o;^. = for any 
fc ^ s ( mod (s - 2)) with Lfff J = I 

If fc = s ( mod (s — 2)) , i.e. fc = s + (s — 2)m then 

( s + (s -2)m)( S -2) s+( ^ 2)m 
" fc - 2( S - a -( S -2)m) ^ °i-i«.+C-3)»>-i+3 

s + (s — 2)m s + (s — 2)m 

= 2m ^ a ]-l a S +( S ~2) m - 3 +3 = ^ a J~l a s+(s-2)t- 3 +3- 

j=4 j=s+l 

Changing j — 1 = s + (s — 2)f and using induction hypothesis, we obtain 



t-i 



07, 



2J Q! s+ ( s -2)i'Q: s +( s -2)(i-i'-l) 



■s + (s - 2)f 
2i 

j'=0 

s + (s - 2)t ' ' 



Applying formula (|2.2p . we derive 

a k = (-1) a s C t+1 , 

where 3 < fc < n, t — an d Cn ^ s the p-th Catalan number. □ 

Below, we present the classification of algebras obtained in Lemma 13.51 

Theorem 3.6. Let L be a non-characteristically nilpotent filiform Leibniz algebra of the family 
Fi («3, ai, . . . , a n , a n ). Then it is isomorphic to one of the following pairwise non-isomorphic algebras: 

F 1 s (a 3 ,a 4 , . . . ,a n ,a n ), 3 < s < n, 

where 

'0, if k^s (mod(s-2)); 

< {-lyCl'l, if k ^ s ( mod (a - 2)) for t = 
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3 < k < n and C% is the p-th Catalan number. 

Proof. From Lemma 13.51 we have 

(O, if k^ s (mod (s-2)); 

ak ~ \(-l) t C°~ 1 1 a t +\ if k = s ( mod (s - 2)). 

From Theorem 12.61 we have the isomorphism criterion 

Putting B = — A, we get a' s = 1. Thus, without loss of generality we can assume a s = 1, then 



ak = 



'o, if k^s (mod (s-2)); 

(-iyC^, if fc = s ( mod (s - 2)). 



□ 



3.2. Non-characteristically nilpotent filiform Leibniz algebras of the family F^fc, ^4, . . . , /3„, 7). 

Now we consider algebras of the family F 2 (/3 3 , /?4, . . . , /3„, 7). Similar to the above section, firstly we 
describe the derivations of such algebras. 

Proposition 3.7. Any derivation of a filiform Leibniz algebra of the family Fzifia, Pit ■ ■ ■ j l) has 
the form: 

( a a\ a 2 a 3 ... a„_ 2 a n -i a n \ 

bi ... -«i7 b n 

2a a 2 + ai^ 3 ... a„_ 3 + ai^„_ 2 a«-2 + aiAi-i «n-i + ai/?n 









\0 



3a 







a„_ 4 + 2a!/3 n „ 3 a„_ 3 + 2a 1 ^„_ 2 a n -2 + 2a 1 ^„_ 



(n — 2)a a 2 + (n - 3)ai/3 3 a 3 + (n - 3)ai^ 4 
(n — l)a a 2 + (n - 2)ai/3 3 

nao 



where 



7(2&i — nao) = 0, 



&(6i-2a ) =0, 



Pk(h - (fc-l)ao) = -ai^J^-i^fc-j+s, 4 < fc < n- 1, 



(3.4) 



i=4 



/3„(6i - (n - l)o ) = -ai7 + -ai Pj-ip n -j+3. 

J=4 



Proof. Let L be a filiform Leibniz algebra from the second family and let d : L — > i be a derivation of 
L. 

We set 

n n 

d(e ) = ^2 a kek, d(ei) = 2J Ofcefc. 
From the property of the derivation d one has 

n n 

d(e 2 ) = d([e , e ]) = [d(e ), e ] + [e , d(e )] = [ a fc e fc , e ] + [e , a fc e fc ] 



fc=0 



= a e 2 + a fc _ie fc + a e 2 + ai ^ /3 fc e fc = 2a e 2 + ^(a fc _i + ai(3 k )e k - 
By induction it is not difficult to obtain 

n 

d(e i )=ia Q e l + (fflfc+i-i + (» - l)oi/9fc+2-i) e *) 2 < i < n. 



fc=i+l 
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Consider the property of the derivation 

n n 

d([ei,e Q ]) = [d(ei),e ] + [e 1; d(e )] = [^6 fe e fc ,e ] + [e 1) ^a fc e fc ] 

k=0 k=0 

n 

= b e 2 + ^ bk-iek + aije n . 

k=3 

On the other hand 

d([ei,e o ]) = 0. 

Consequently, 60 = 62 = 64 = ■ ■ • = 6 n _2 = 0, 6 n _i — — &i7- 
From the chain of equalities 

na je n = d(^e n ) = d([ei,ei]) = [d(ei),ei] + [ei,d(ei)] 

= [61 ei + & n _ie„_i + b n e n , ex] + [ei, 61 ei + 6 n _ie„_i + 6„e„] = 26i7e r , 

we get (2&x — na )j = 0. 

Using Lemma 12.51 and derivation property, we obtain 

d([e ,ei]) = [d(e ),ei] + [e ,d(ei)] 

fc 



(<2 + 6i)/3 3 e 3 + ^2(a + bi)(3 k e k + a^e n + X] ( X! a i-2^fe-j+3 



k=4 k=4 j=4 

On the other hand 



71 71 

d([e , ei]) = d(y^ faeiA = ^ /3fcd(e 



' fc=3 ' fc=3 

n n k n , k 

= 3a /3 3 e 3 + ^ ka a /3 k e k + ^ ( ^ a^Pk-j+z) e-k + a\ ^ o ( ^ )Ck- 

k=4 k=4 j=4 k=4 j=4 

Comparing the coefficients at the basic elements we deduce 
183(61 - 2a ) = 0, 

k Jt, 

Pk(h ~(k- l)o ) = -01 2J Pj-iPk-j+3, 4 < fc < ra - 1, 

71 

/3 n (6i - (n - l)o Q ) = -an + ~cn ^ Pj-if) n -j +3 . 

Z 3=4 

Considering the properties of the derivation for products d([ej, ei]), 2 < i < n — 2, we already get 
the obtained restrictions. □ 

From Proposition 13.71 it is obvious that if there exists the pair a$,bi such that (do, 61) 7^ (0,0) and 
the restriction (|3.4j) holds, then a filiform Leibniz algebra is non-characteristically nilpotent, otherwise 
is characteristically nilpotent. 

It is known that a naturally graded filiform Leibniz algebra of the second family (an algebra with 
7 = and /3j = 0, 3 < i < n) is non-characteristically nilpotent [4) I20j. 

Theorem 3.8. Let 7 7^ and n be odd. If there there exist ^ 0, 3 < i < n — 1, £/ien a filiform 
Leibniz algebra from Fi((3 3 , /?4, . . . , /?„, 7) is characteristically nilpotent. 

Proof. If 7 7^ 0, then since 7(261 — nao) = 0, this implies that 61 = ^rp- and we get, that the restrictions 
have the form 

fc^a = 0, 

n-2k + 2 n k A n n 4 , 
2 PfeQo = -Ql > y Pj-iPk-j+3, 4<fc<n-l, 

J '=4 

2 PnO-0 = -CLlI + 2 fll Pj-lPn-j+3- 

3=4 
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If there exist j3k ^ 0, 3 < k < n — 1, then for the first non-zero Pk 7^ 0, we get 

(n - 2k + 2)a 0/ 9 fe = 0. 

Since n is odd, we conclude a = bi = 0. □ 

Let us clarify the situation when (3i = for 3 < i < n — 1 . 

Theorem 3.9. Lef 7 7^ and n be odd. Then any non- characteristically nilpotent filiform Leibniz 
algebra of the second class is isomorphic to the algebra 

F 2 (0,0,..., 0,0,1). 



Proof. Theorem 13.81 implies that if n is odd, then a non-characteristically nilpotent filiform Leibniz 
algebra of the second family has the form ^(0, 0, . . . , 0, j3 n , 7), where 

-n + 2 

PnOO = — «17- 

Since 7 7^ 0, then for any /?„ putting ao 7^ and ai = < < n ~ 2 W naa ; we have a non-singular derivation. 
From Theorem l2.6[ we derive /3£, = 0, 3 < fe < n — 1, and the isomorphism criterion is 

. D' 2 . BD-/ D 

7 = ^7, Pn = ~^Pn + -^Pn- 

Since 7 7^ 0, putting D = ^J4f, we get 

' = 1 fl ' = g 7 + A 8 " 

Setting B = — we have /?' = and so we obtain the algebra ^(0, 0, . . . , 0, 1). □ 

Now we investigate the even n case. 

Theorem 3.10. Let 7 7^ and n be even. Lf there exist /?/. 7^ 0, 3 < k < n — 1, k 7^ ^^j^, £/ien an 
algebra of the family -F2.(/33, p4, ■ • ■ , pVi, 7) is characteristically nilpotent. 

Proof. Analogously to the proof of Theorem 13.81 □ 

Theorem 3.11. Let L be a non-characteristically nilpotent filiform Leibniz algebra from the family 
i^C^S) P4j • • • j Pnil)- If 7 7^ and n is even, then it is isomorphic to one of the following pairwise 
non-isomorphic algebras: 

F}(0, . . . , 0,^ , 0, . . . , 0, 0, 1), F|(0, . . . , 0, J|, 0, . . . , 0, 1, 1). 

Proof. Let L be a non-characteristically nilpotent filiform Leibniz algebra, then by Theorem 13.101 we 
have p k = 0, 3 < k < n - 1, k ^ ^ and 

-n + 2 „ n 2 



, /3„a = -ai7 + -^^+2. (3.5) 

Z Z 2 

Since 7 7^ 0, then for any values of /3n+2 and p n there exist ao, ai (ao 7^ 0) such that the restriction 
(|3.5|) is held. Therefore, a non-characteristically nilpotent filiform Leibniz algebra of the second family 
has the form 

F 2 (0,...,0,pW2,0,...,0,/3„,7). 
By Theorem 12.61 we have the isomorphism criterion 

77 4- 2 

P'k = 0, 3 < fc < n- 1, fe 7^ ■ " 



2 

/ ^ D o of BD 1 D (a nB a" 



Putting D = ^=-, we get 



7 ' = 1, #^ = 1^, ^ = ^=((7- 5/3^)5 + ^/3, 



^7 ' v^V^' 2 

It is not difficult to check that 7' - §/3'2 = ^(7 - fpt +2 ) 
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If 7 ^ %/3 2 n+ 2 , then putting B — 2A % — , we have ft = 0, and so obtain the algebra 

2 A 1 n P n+2 

2 

F}(0,... ,0,/?„±2,0,. ..,0,0,1), %2 ^ 

If 7 = f /? 2 „ +2 , then we have ft l+2 = fl, = -7^-. 

For ft = we obtain f3' n = and the algebra F% (0, . . . , 0, J\, 0, . . . , 0, 0, 1). 

For ft ^ we set A = " ~^f-. Thus, we get ft, = 1 and the algebra Ff (0, . . . , 0, */f , 0, . . . , 0, 1, 1). 

□ 

Let us investigate the case 7 = 0. 

Theorem 3.12. Let L be a non- characteristically nilpotent filiform Leibniz algebra from 
-^Mftft, • ■ • , fti, l)- If 7 = 0, then it is isomorphic to one of the following pairwise non-isomorphic 
algebras: 

Fi(0,... ,0,1,0. ..,0,0), 3<i<n. 



Proof. The restrictions (|3.4[) under the conditions of the theorem have the form 

#3(61 -2a ) =0, 

- (k - l)ao) = -ai 2J Pj-iPk-j+3, 4<k<n. 

Let ft be the first non-zero parameter, i.e. ft = for 3 < i < j — 1 and ft 7^ 0. Then we 
have ft (61 — (j — l)ao) = 0, which implies b\ = (J — l)ao- Since the algebra is non-characteristically 
nilpotent, the coefficient ao 7^ 0. Therefore, from the restrictions (|3.4p . we derive 

ft = 0, j + 1 < k < 2j - 3, 

(2-j> ft,_ 2 = (j-l) ai ft 2 , (3.6) 
ft - 0, k + t(j - 2) + 2, 

(t - 1)(2 - j) a o/3 t ( J -2)+2 = — — 2~~ ai ^ /%-2)+2%-t)(j-2)+2 ' 

i=l 

where t > 3, fc < n. 

From Theorem 12.61 we get the isomorphism criterion 

4=0, 3 < < j - 1, p'. = J>-i3 Jt 

4=0, j + l<fc<2j-3, ^_ 2 = _^_^_ 2 _(LZ^^ 

Putting D = 4^-, B = (jryj^r , we obtain /3j = 1, /3^-_ 2 = 0. Thus, if ft = for 3 < i < j - 1 and 
ft 7^ 0, then, without loss of generality, we can suppose ft = 1 and fty-2 = 0. 

The restrictions (|3.6[) imply a\ — and (t — 1)(2 — j)aoft(j-2)+2 =0, t > 3, which leads to ft = 

for all fc 7^ Thus, we obtain the algebras F| (0, . . . , 0, 1, 0, . . . , 0, 0), 3 < j < n. □ 

3.3. Non-characteristically nilpotent filiform Leibniz algebras of the family i*3(0i, 6%, 63). 

Since non-characteristically nilpotent filiform Lie algebras are described in |10] , we will classify them 
only in the non-Lie case. 

Let L be a filiform non-Lie Leibniz algebra of the third family. Put 

[e 4 , ex] = -[ex, e<] = ft,i +2 e 4+2 + ft^ +3 e i+ 3 H h ft,„e„, 2 < i < n - 2. 

Using the Leibniz identity it is not difficult to obtain the following equality: 

n / fc— 1 /fc — 1\ \ 

[e»,e fc ]= ^ f 1)* ( t ) ft+tj'+i-fc+t Jej, 2 < fc, fc<i<n-fc-l. 
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fe-1 /ft _ \\ 

Since [e k , e k ] = 0, we have , /?fc+t,fc+t+2 =0, 2 < k < n. 



t=o 



t 



Proposition 3.13. Let L be a non- characteristically nilpotent non-Lie filiform Leibniz algebra from 
the family F 3 (9\ , 2 , 9 3 ) . Then 

= 0, 2 < i < n - 2, i + 2 < j < n, 

i.e. [ei,ef\ = 7 for i + j > 3. 

Proof. Let L be a non-characteristically nilpotent non-Lie filiform Leibniz algebra from the family 
F 3 (9\, 02, 9 3 ) and let cZ be a derivation of L. 
Put 

n n 

d ( e o) = ^2 ak6k > d ^ = ^2 hk&k - 

k=0 k=0 

Similarly as above we establish 6 = 0. 
From the property of the derivation we have 

d( ei ) = ((i - l)a + h)ei (mod L 1+1 ), 2 < i < n. 

Consider the equalities 

n n 

d([e ,e ]) = [rf(e ),e ] + [e ,d(e )] = [^»fce fe ,e ] + [e ,^a fc e fc ] 

fe=o fc=o 
= a [e , e ] + ai[ei,e ] + a [e , e ] + ai[e ,ei] = (2a o 0i + ai9 2 )e n . 

On the other hand, 

rf([e ,e ]) = 0id(e„) = 0i((n - l)a + 6i)e„. 

Consequently, 

0i((n - 3)a + 61) = 016*2. 
Consider the property of the derivation for the product [e , ei], 

n n 

rf([e ,ei]) = [d(e ),ei] + [e ,rf(ei)] = a [e ,ei] +ai[ei,ei] + [^a fe e fe ,ei] + i>i[e ,ei] + [e ,^&fce fe ] 

k=2 k=2 

n n 

= -a [ei,e ] - ai[ei,ei] - [ei,^a k e k ] + a 9 2 e n + 2a x 9 3 e n - &i[ei,e ] - [^b k e k ,e ] + biQ 2 e n 

k=2 k=2 

n n 

= ~ [ ei ' X! ak&k \ ~ [ X! bkCk ' e °] + ( a °^ 2 + &1 ^ 2 + 2a i#3)e„ = -rf(e2) + (&o#2 + h&2 + 2a 1 9 3 )e n . 

k=0 fe=l 

On the other hand, 

d([e , ei]) = d(-e 2 + 2 e„) = -d(e 2 ) + 2 d(e n ) = -d(e 2 ) + 9 2 ((n - l)a + bi)e n . 

Therefore, 2ai0 3 = (n — 2)ao0 2 . 
Similarly, from 

n n 

d([ei,ei]) = [^b k e k ,ei] + [ei,^6 fe e fe ] = [&iei,ei] + [ei,&iei] = 2b 1 6 3 e n 

k=l k=l 

and 

d([ei, ei]) = d{9 3 e n ) = 9 3 ((n - l)a + h)e n 

we conclude that 3 ((n — l)a — 61) =0. 
Thus, we obtain 

0i((n-3)a o + &i) =ai02, 2ai6> 3 = (n-2)a 6 , 2, 3 ((n - l)a - &i) = 0. 
Note that for a non-Lie Leibniz algebra we have (61, 6*2 , 6*3) ^ (0, 0, 0). 
If 9 3 ^ 0, then h = (n - l)a , ai = ("-^^ and (2n - 4)0001 = ^-^1. 
Note that ao 7^ (since L is non-characteristically nilpotent). Therefore, we deduce 

- el 



U1 ~W 3 

If 9 3 = 0, then 0i((n - 3)a + 61) = ai0 2 , (n - 2)a o 2 = 0. 
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If 6*2 7^ 0, then do = 0, and 9\b\ = ai#2- 

If 9 2 = 0, then 9i ^ 0, and &i = — (n — 3)ao- 

Thus, on the behavior of the parameters 9\, 62 and #3 we obtain the following equalities: 

bi = (n — l)ao, ao = 0, 61 = —(n — 3)ao. 

Now we shall prove /3jj = 0, 4 < j < n, 2 < i < j — 2, by induction on j for any values of i. 
Consider the property of the derivation for the product [e2, ei], 



d([e 2 , ei]) = [d(e 2 ), ei] + [e 2 , d(ei)] = [(a + bi)e 2 + 2:3, ei] + [e 2 , Ofce fe ] 
= (ao + 2fei)^ 2 ,4e4 + x 5 . 



k=l 



+ k.nd{e n ) = (3a + &i)/3 2 ,4e4 + 2/5, 



On the other hand, 

d([e 2 , ei]) = ^ 2 ,4d(e 4 ) + /3 2 ,5d(e 5 ) - 

where X3 £ £ 3 and 25, 2/5 G L 5 . 

Comparing the coefficients at the basic element e^, we obtain 

#,,4(61 - 2a ) = 0. 

Since b\ = (n — l)ao or ao = or bi = — {n — 3)ao and (ao, b\) ^ (0, 0), we have £2,4 = 0. Thus, we 
proved the statement of the proposition for j = 4. 

Let the induction hypothesis be true for j < k < n — 1, i.e. /3ij = for 4 < j < fc, 2 < i < j — 2, 
which implies [L l ° , e{\ C i fc+1 , [L 4 ° +1 , ej C L fc + 2 . We will prove '/3 itk+ i = for 2 < i < fc - 1. 

Let us suppose the contrary, i.e. there exists i such that /3i,fc+i 7^ 0. Let io be the greatest number 
among indexes such that Pi.k+i 7^ 0. 

Again, consider the property of the derivation 

d([e io ,ei]) = [rf(e io ),ei] + [e io ,d(ei)] = ((i - l)a + 2b 1 )/3 io , k+1 e k+1 + x k+2 . 
On the other hand, 

n 

d ([ei , e i}) = ^2 fao,j d ( e j) = ( ka o + bi)Pi ,k+iek+i + Vk+2, 

where x k+2 ,yk+2 G L k+2 . 

Comparing the coefficients at the basic element e k +i, we get /3j 0l fe_|-i(6i — (fc + 1 — «o) a o) — 0- Since 
2 < io < k — 1, we have 2 < fc + 1 — io < k — 1. 

Taking into account fc + 1 < n and the correctness of one of the following conditions: 

&i = (n-l)oo, ao = 0, 61 = -(n - 3)ao, 

we deduce fti 0>k +i — for 2 < i < k — 1, which is a contradiction with the assumption Pi lk +i =/= 0. 
Thus, Pi tk +\ — and we proved that = for all □ 



Remark 3.14. The proof of Proposition \3.13\ shows that the cases a — and a = 1 are proved 
analogously. 



Proposition ^. 13"! implies that the table of multiplication of a non-characteristically nilpotent filiform 
Leibniz algebra from the third family has the form: 



F 3 {9\, 62,83) 



[ei,e ] = e i+ i, 1 < i< n- 1, 

[e ,ej] = -e i+ i, 2<i<n-l, 

[eo, e ] = 9 1 e„, 

[eo, ei] = -e 2 + 6» 2 e„, 

[ei, ei] = 9 3 e n , 

[e^ e„_j] = -[e n _i, e,] = a(-l) 4 e„, 1 < i < n - 1. 



For such algebras in [21] it is obtained the isomorphism criterion: 
_ Aldx + A Ai9 2 + A\9 3 _ A Q 9 2 + 2A 1 3 



Ar 1 s 1 



B\9 3 



(3.7) 
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Theorem 3.15. Let L be a non- characteristically nilpotent filiform Leibniz algebra from F$(6i, 9 2 , O3). 
Then it is isomorphic to one of the following pairwise non- isomorphic algebras 

^(1,0,0), ^ 2 (o,i,o), f 3 3 (o>o,i). 

Proof. Consider several cases. 

Case 1. Let 9 3 = and 2 = 0. Then 9^0 and 



9\ — = — , 9' — 0o — 0. 

1 A^Bi 2 3 

Putting P>i = „_ 3 , we have 9[ = 1 and obtain the algebra F}(1, 0, 0). 
Case 2. Let #3 = and 9 2 7^ 0. Then we have 

_A Q 9 1 +A 1 9 2 Ql 9 2 



Putting A = n ~Z/(h, A 1 = -^ L , we have 9[ =0,9' 2 = 1 and obtain the algebra F|(0, 1,0). 
Case 3. Let #3 7^ 0. Then similarly as in the proof of Proposition [3TT31 we conclude 0% — Then 
in the isomorphism criterion (|3.7|) putting B\ — — j^— , = — , we get 

9[ =9' 2 = 0, 6' 3 = 1. 
Thus, in this case we have the algebra -F3 (0, 0, 1). 

The non-characteristically property of obtained algebras follows from the proof of Proposition 13. 131 

□ 
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